Introduction.
The research reported on in the present note was motivated by the following Proposition (F), due to Ernest Fischer ([5] , see also [4] for an earlier version; actually Fischer proved a more general result, but the special case suffices as a point of departure for our discussion) :
( The proposition (F) underlies various formal schemes for exhibiting a basic set of polynomial solutions of a partial differential equation. (Compare Horvâth [8] , and for the special case P = 2?+^+^ Hobson [7, Chapter IV] ). Now, if the word "homogeneous" is suppressed, (F) becomes false, since indeed in that Case (1) need not have any nonnull polynomial solution. Nevertheless, if we are willing to abandon the realm of polynomials (F) can be extended. The clue as to how to proceed is provided by Fischer's proof of (F) : he defines in the linear manifold of polynomials an inner product with respect to which the operator "multiplication by P" and the differential operator P*(d/dsi, • • • , d/dzk) are adjoint to one another; the required decomposition is then just the orthogonal complement decomposition of the space induced by a pair of adjoint operators. Of course, the polynomials do not form a (complete) Hilbert space with respect to Fischer's inner product. Their completion turns out to be a certain space F k of entire functions of order two. Within P fc , (F) is now true also in the case that P is not homogeneous, and indeed even for certain entire transcendental functions P, with a suitable interpretation of P*(d/dzi, • • • , d/dzk). The extension of Fischer's result to F k is far more difficult, however, than the proof of (F) insofar as the problem in F k is closely intertwined with a series of questions which have no counterpart in the polynomial case. These questions concern adjoints of unbounded 971 operators, weighted polynomial approximation of holomorphic functions, and infinite-order differential equations.
We proceed now to the statement of our main results. Proofs of these results have been published in the form of mimeographed notes [13] , and a revised version of this material is currently being prepared for publication. The physicist V. Bargmann has, independently of the preceding considerations, been led to study the spaces F k (see [2] ). There is little overlap between Bargmann's work and ours. It will sometimes be convenient to write
For two functions ƒ, g in F k we define their inner product
This inner product may be characterized also in the following way. Let N (a "multi-index") denote the fe-tuple (tiu • • • , n k ) of nonnegative integers and write
(7)
We partially order the fe-tuples in the usual way : 
Using the orthonormal monomials as a basis one computes
(for further details concerning these basic relations see Bargmann [2] ; for general background on reproducing kernels see [l] ). The relation (13) implies, by a well-known argument
From (14) we see that all functions in F k are of order ^2. And from (1) we see that all functions of order <2 are in F k , as well as some functions of order 2. We shall use the symbol ||/||, for all ƒ££*, to denote (ƒ| ƒ(*) | H<T) 1 '\ whether the integral is finite or not. Finally, it will be convenient to consider that subclass G of F k consisting of functions <j> satisfying Thus far we know of no <f> which satisfies 2.1(15) and does not have the properties (i)-(v). We have not, however, been able to extend Theorem 2 beyond exponential polynomials except for a few cases: (a) <j> has no zeros, (b) some special cases for k = 1, e.g. <fi(z) =sin z/z.
The main tool in proving Theorem 2 is the following "isometry theorem," which is of independent interest. Identities bearing a formal similarity to (1) As is well known, the solution of (2) is intimately associated with the condition (3) There is a constant S > 0 such that 11 </ >ƒ11 ^ S| |ƒ11.
This is equivalent to asserting that (</> •) has a closed range. If <f> is an exponential polynomial satisfying the last condition we have then (in view of Theorem 2) : For every gÇiFk, (2) has a solulion ƒ, and indeed a unique solution / 0 which has the additional property that it is an entire multiple of </ >. This / 0 is also the solution of (2) of minimal norm, and is the orthogonal projection of ƒ on the range of 
n«l
It is easily seen that this product converges uniformly on compact sets, and so defines an entire function. Moreover |/(s)| = 0(exp((l/2 + e)r 2 )) for every e>0, i.e., ƒ "just misses" being in F k . On the other hand, there are certain <j> for which (1) has no nonnull entire solution. We can show this is the case when (i) <f> is a homogeneous polynomial, (ii) <j> is a polynomial with at most k nonvanishing coefficients (e.g., for k = 3 such a polynomial as zft+ZzZz-zl). Possibly this is true for all polynomials (in one variable this is trivially true).
We mention one final question : the theorems of this paper establish relations between the operator <j>*(d/dz) and the set in Ck where <j> vanishes. This suggests the possibility of replacing the set where <j> vanishes by the set where \[/ vanishes, where yp is some other entire function. Of course then the special role played by the space F k disappears. A typical problem could be: given <f>, for which entire f une-tions $ do we have <t>*(d/dz)(\[/f) = 0, ƒ entire, implies /^0? Already the case k = 2, </) = zl+2$ presents formidable difficulties (this is essentially the problem of characterizing the level curves of a harmonic function; some results have been obtained in [6] ).
